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Hedging Positions in Options

• Naked and Covered positions
• A stop-loss strategy
• Delta hedging
• Theta
• Gamma
• Vega
• Rho



Terminology

Option are referred to as in the money, at the 
money, or out of the money.

• An in-the-money option is one that would lead to a 
positive cash flow to the holder if it were exercised 
immediately.

• An at-the-money option would lead to zero cash 
flow if it were exercised immediately,

• An out-of-money  option would lead to a negative
cash flow if it were exercised immediately. 



Exercise
A financial institution has sold for 300 000Kc a
European call option on 100 000 shares of a non-
dividend-paying stock. We assume that stock price 
is 49Kc, the exercise price is 50Kc, the risk-free
interest rate is 5% per annum, the stock price 
volatility nis 20% per annum, the time to maturity is
20 weeks, and the expected return from the stock is
13% per annum. This mean that S=49, X=50, 
r=0.05,        =0.2, T-t=0.3846,        =0.13.
To compute BS price of the option.
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If S is the stock price and X is the strike price,
a call option is in the money when S > X,
at the money when S = X,
and out of the money when S < X. 
A put option is in the money when S < X,
at the money when S = X,
and out of the money when S > X.

Clearly, an option will only be exercised if it is in
the money.



Naked and covered positions

One strategy open to the financial institution is to do
nothing. This involves what is known as a naked
position. If the call is exercised, the financial
institution will have to buy 100,000 shares at the
current market price to cover the call. The cost to the
financial institution will then be 100,000 times the
amount by which the stock price exceeds the exercise
price. 



As an alternative to a naked position, the financial 
institution can adopt a covered position. This
involves buying 100,000 shares as soon as the option
has been sold. If the option is exercised, this strategy
works well, but in other circumstances it could prove
to be expensive.



A stop-loss strategy
One hedging idea that is sometimes proposed 
involves what is known as a stop-loss strategy. To
illustrate the basic idea, consider an institution that
has written a European call option with strike price
X to buy one unit of a security. The hedging scheme
involves buying the security as soon as its price
rises above X, and selling as soon as it falls below
X. The objective is to hold a naked position 
whenever the stock price is less than X and a
covered position whenever the stock price is greater
than X. 



As usual, we denote the initial stock price by S. The
cost of setting up the hedge initially is S if S > X and
zero otherwise. At first blush, the total cost, Q, of 
writing and hedging the option would appear to be
given by

Q = max (S - X, 0)
since all purchases and sales subsequent to time zero
are made at price X. If this were in fact correct, the 
hedging scheme would work perfectly in the absence
of transactions costs. Furthermore, the cost of 
hedging the option would always be less than its
Black-Scholes price. Thus, one could earn riskless 
profits by writing options and hedging them.



There are two basic reasons why
Q = max (S - X, 0)

is incorrect. There first is that the cash flows to the
hedger occur at different times and must be 
discounted. The second is that purchases and sales
cannot be made at exactly the same price X. This 
second point is critical If we assume a risk-neural
world with zero interest rates, we can justify 
ignoring the time value of money. However, we 
cannot legitimately assume, the hedger cannot
know whether, when the stock price equals X, it 
will continue above or below X.



% STOP-LOSS STRATEGY FOR EUROPEAN 
CALL OPTION
%initial asset price
s(1)=110;
%annual volatility
sigma=0.2;
%average annual return
mi=0.05;
%simulation of the behaviour of spot price
randn('seed',sum(100*clock))
for i=2:365
pom=mi./365+sigma.*sqrt(1./365).*randn(1);
s(i)=s(i-1).*(1+pom);

end



%striking price
x0=113;
%decision making according to the stop-loss strategy
%value of position: 1 = covered, 0 = naked
for i=1:365
x(i)=x0;
if s(i)>x(i)
position(i)=0.9;

elseif s(i)<x(i)
position(i)=0.1;

else
position(i)=position(i-1);

end;
end;

end; 



subplot(2,1,1),plot([1:365],x,[1:365],s)
title('Spot asset price & Striking price')
ylabel('Price')
subplot(2,1,2),plot(position,'r.')
title('Position (0-naked, 1-covered)')
xlabel('Time')
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It assumes that the  stock price is observed at 
the end of time intervals of length  and 
calculates hedge performance as the ratio of 
the standard deviation of the cost of hedging
the option to the Black-Scholes price of the 
option.



More sophisticated hedging schemes
Most option trades use more sophisticated hedging 
schemes that those that have been described so far. 
As a first step, they attempt to make their portfolio
immune to small changes in the price of the 
underlying asset in the next small interval of time.
This is known as delta hedging. They then look at
what are known as gamma and vega. Gamma is the
rate of change of the value of the portfolio with
respect to delta; vega is the rate of change of the
portfolio with respect to the asset’s volatility. 



By keeping gamma close to zero, a portfolio can be 
made relatively insensitive to fairly large changes in
the price of the asset; by keeping vega close to zero,
it can be made insensitive to changes in its volatility.
Option trades may also look at theta and rho. Theta
is the rate of change of the option portfolio with the
passage of time and rho is its rate of change with
respect to the risk-free interest rate.



Delta hedging
The delta of a derivative security, is defined

as
the rate of change of its price with respect to the
price of the underlying asset.
Delta is closely related to the Black-Scholes 
analysis. Black and Scholes showed that it is 
possible to set up a riskless portfolio consisting of a
position in a derivative security on a stock and a
position in the stock. Expressed in terms of , their
portfolio was
• - 1 : Derivative security
• + : Shares of the stock
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• DELTA OF FORWARD CONTRACTS
Equation 

shows that when the price of a non-dividend-paying
stock changes by      S, with all else remaining the
same, the value of a forward contract on the stock
also changes by     S. The delta of forward contract
on one shares of a non-dividend-paying stock is 
therefore 1.0. This means that a short forward 
contract on one share can be hedged by purchasing
one share, while a long forward contract on one 
share can be hedged by shorting one share. These
two hedging schemes are „hedge and forget“
schemes in the sense that no changes need to
be made to the position in the stock during the life
of the contract.
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DELTA OF EUROPEAN CALLS AND PUTS
• For a European call option on a non-dividend-

paying stock, it can be shown that

• For a European put option on a non-dividend-
paying stock, delta is given by 

∆ = F dnormal 1bg
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DELTA OF OTHER EUROPEAN OPTIONS
• For European call options on a stock index paying

a dividend yield q,

• For European put options on the stock index,

• For European call options on a currency,

• For European futures put options, 
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DELTA OF A PORTFOLIO

When a portfolio of options and other derivative 
securities on an asset are held, the delta of the
portfolio is simply the sum of the deltas of the 
individual derivative securities in the portfolio. If a
portfolio, consists of an amount,     , of derivative
security , the delta of the portfolio is 
given by

where           is the delta of i th derivative security.
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Example
• Consider a financial institution that has the 
following three position in option to buy or sell
German marks:
1) A long position in 100,000 call options with 

exercise price 0.55 and exercise date in 3 months.
The delta of each options is 0.533.

2) A short position in 200,000 call options with 
exercise price 0.56 and exercise date in 5 months.
The delta of each option is 0.468.

3) S short position in 50,000 pur options with 
exercise price 0.56 and exercise date in 2 months. 



The delta of each option is -0.508.
The delta of the whole portfolio is
0.533x 100,000 - 200,000 x 0.468 - 50,000 x (-.508) 

= - 14,900
This means that the portfolio can be made delta
neutral with a long position of 14,900 marks.
A 6-month futures contract could also be used to
achieve delta neutrality in this example. Suppose
that the risk-free rae of interest is 8 % per annum in 
the United States and 4 % per annum in Germany.
The number of marks that must be sold forward for
delta neutrality is 14,900 e − − × =( . . ) . ,0 08 0 04 0 5 14 605



THETA
The theta of a portfolio of derivative securities,     , is
the rate of change of the value of the portfolio with
respect to time. It is sometimes referred to as the time
decay of the portfolio.
• For a European call option on a non-dividend-

paying stock.
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• For a European put option on the stock,

• For a European call option on a stock index paying
a dividend ar rate q,

• For a European put option on a stock index paying
a dividend ar rate q,
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Example
Consider a 4-month put option on a stock index. The
current value of the index is 305, the strike price is
300, the dividend yield is 3% per annum, the risk-
free interest rate is 8% per annum, and the volatility 
of the index is 25% per annum. In this case, S = 305,
X = 300, q = 0.03, r = 0.08,  = 0.25, and T - t = 
0.3333. The option’s theta is

This means, if 0.01 year (or 2.5 trading days) passes
with no changes to the value of the index or its
volatility, the value of the option declines by 0.1815.
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%THETA OF CALL AND PUT OPTIONS ON STOCK INDEX
%risk-free rate p.a.
r=0.08; 
%dividend yield p.a.
q=0.03; 
%striking price
x=300;
%volatility of the index p.a.
sigma=0.25;
%theta under various asset price and time to maturity
i=0;
%initial value of index from 200 to 500
for s=200:10:500
i=i+1;
ss(i)=s;
j=0;



%time to maturity from 12 to 1 month(s)  
for T=12:-1:1
j=j+1;
tt(j)=T;
st=s.*exp(r.*(12-T)./12);
[calltheta,puttheta]=blstheta(st,x,r,T/12,sigma,q);
ct(i,j)=calltheta;
pt(i,j)=puttheta;

end;
end;

surf(tt,ss,pt)
title('Theta of put option on stock index [striking price = 300)]')
xlabel('months to maturity')
ylabel('index value')
zlabel('value of theta')
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GAMMA
The gamma,     , of a portfolio of derivative 
securities on an underlying asset is the rate of 

change
of the portfolio’s delta with respect to the price of
the underlying asset. If gamma is small, delta
changes only slowly and adjustments to keep a 
portfolio delta neutral need only be made relatively
infrequently.

Γ



Calculation of Gamma
• For a European call or put option on a non-

dividend-paying stock, the gamma is given by

• For a European call or put option on a stock
index paying a continuous dividend at rate q,
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Example
Consider a 4-month put option on a stock index.
Suppose that the current value of the index is 305,
the exercise price is 300, the dividend yields is 3% 
per annum, the risk-free interest rate is 8% per
annum, and volatility of the index is 25% per
annum. In this case, S = 305, X = 300, q = 0.03, r = 
0.08,  = 0.25, and T - t = 0.3333. The gamma of the
index option is given by

Thus an increase of 1 in the index increases the delta
of the option by approximately 0.00857.
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%GAMMA OF PUT OPTION ON STOCK INDEX
%current value of index
s0=305; 
%striking price
x=300;
%risk-free rate p.a.
r=0.08;
%dividend yield p.a.
q=0.03;
%time to maturity (4 months)
T=4;
%volatility of the index p.a.
sigma=0.25;



%theta of put option
[calltheta,puttheta]=blstheta(s0,x,r,T/12,sigma,q);
%gamma of put option
gamma=blsgamma(s0,x,r,T/12,sigma,q);
puttheta
gamma
%gamma under various s0
i=0;
for s=200:10:500
i=i+1;
ss(i)=s;
j=0;



for t=4:-1:1
j=j+1;
tt(j)=t;
st=s.*exp(r.*(T-t)./12);
gamma(i,j)=blsgamma(st,x,r,t/12,sigma,q);

end;
end;
surf(tt,ss,gamma)
xlabel('maturity')
ylabel('price')
zlabel('gamma value')
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GAMMA OF PUT OPTION ON STOCK INDEX



THE RELATIONSHIP
BETWEEN 

DELTA, THETA, AND GAMMA
The Black-Scholes equation which must be satisfied
by the price, f, or any derivative security on a non-
dividend-paying stock is

Since
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it follows that
This is true for portfolios of derivative securities on
a non-dividend-paying security as well as for
individual derivative securities.
For a delta-neutral portfolio,

and 
This shows that when        is large and positive,
gamma tends to be large and negative, and vice
versa. 
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Vega
The vega of a portfolio of derivative securities,      ,
is the rate of change of the value of the portfolio with 
respect to the volatility of the underlying asset. If 
vega is high in absolute terms, the portfolio’s value is
very sensitive to small changes little impact on the 
value of the portfolio.
For a European call or put option on a non-dividend-
paying stock, vega is given by 

Λ
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Example
Consider a 4-month put option on a stock index of 
the last example. Its vega is given by

Thus a 1% or 0.01 increase in volatility (from 25%
to 26%) increase the value of the option by
approximately 0.6644.

S T t F d enormal
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%VEGA OF OPTION ON STOCK INDEX
s0=305;
r=0.08;
q=0.03;
x=300;
sigma=0.25;
T=4;
v=blsvega(s0,x,r,T/12,sigma,q)
%vega under various volatility of the index
j=0;
for sigma=0.20:0.01:0.30
j=j+1;
sig(j)=sigma*100;
v=blsvega(s0,x,r,T/12,sigma,q);
vega(j)=v;

end;



plot(sig,vega)
xlabel('volatility of underlying asset in %')
ylabel('value of vega')
title('Vega of call and put options on stock index')
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RHO
The rho of a portfolio of derivative securities is the 
rate of change of the value of the portfolio with 
respect to the interest rate. It measures the sensitivity
of the value of a portfolio to interest rates.
• For a European call option on a non-dividend-

paying stock,

• For a European put option on the stock,

rho = X T t e F dr T t
normal− − −b g b gb g
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Example 
Consider again the 4-month put option on a stock
index. The current value of the index is 305, the
strike price is 300, the dividend yields is 3% per
annum, the risk-free interest rate is 8% per annum,
and volatility of the index is 25% per annum. In this 
case, S = 305, X = 300, q = 0.03, r = 0.08,      = 0.25,
and T - t = 0.3333. The option’s rho is

This means that for a one-percentage-point or 0.01
change in the risk-free interest rate (from 8% to 9%),
the value of the option decrease by 0.4257.

σ

− − − = −−X T t e F dr T t
normalb g b gb g

2 42 57.



%RHO OF CALL AND PUT OPTIONS ON STOCK 
INDEX
s0=305;
r=0.08;
q=0.03;
x=300;
sigma=0.25;
T=4;
[cr,pr]=blsrho(s0,x,r,T/12,sigma,q);
callrho=cr
putrho=pr
%rho under various interest rate
j=0;
for ir=0.07:0.005:0.11
j=j+1;
rate(j)=ir*100;
[cr,pr]=blsrho(s0,x,ir,T/12,sigma,q);
callrho(j)=cr;
putrho(j)=pr;

end;



subplot(2,1,1),plot(rate,callrho)
ylabel('value of rho')
title('Rho of call option on stock index')
subplot(2,1,2),plot(rate,putrho)
xlabel('risk-free interest rate in %')
ylabel('value of rho')
title('Rho of put option on stock index')
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In case of currency options, there are two rhos 
corresponding to the two interest rates. The rho 
corresponding to the domestic interest rate is given
by the previous formulas. The rho corresponding to
the foreign interest rate
• for a European call on a currency is given by

• For a European put it is

rho = T t e SF dr T t
normal

f− − −b g b gb g
1

rho = T t e SF dr T t
normal
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• Taylor Series Expansions and Hedge 
Parameters

Next seminar


